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An extension of the disc Algebra
V. Nestoridis
Abstract
We identify all uniform limits of polynomials on the closed unit disc D with
respect to the chordal metric χ on C ∪ {∞}. One such limit is f ≡ ∞. The
other limits are holomorphic functions f : D → C so that for every ζ ∈ ∂D
the lim
z → ζ
z∈D
f(z) exists in C ∪ {∞}. The class of the above functions is denoted by
A˜(D). We study properties of the members of A˜(D), as well as, some topological
properties of A˜(D) endowed with its natural metric topology. There are several
open questions and new directions of investigation.
AMS classification number: Primary 30J99, secondary 46A99, 30E10
Key words and phrases: Disc Algebra, Mergelyan’s Theorem, chordal metric, polyno-
mial approximation, generic property.
1. Introduction
In this article we consider χ the chordal metric in C ∪ {∞}, where C denotes the
complex plane. First we investigate the set of uniform limits on the closed unit disc D
of the polynomials with respect to the metric χ. One such limit is f ≡ ∞. The other
limits are exactly functions f : D → C holomorphic in the open unit disc D, such
that for every ζ ∈ T = ∂D the limit lim
z → ζ
z∈D
f(z) exists in C∪{∞}. The class of the above
functions is an extension of the disc algebra A(D) and is denoted by A˜(D).
If f ∈ A˜(D) is such that f 6≡ ∞, then Privalov’s Theorem implies that f−1(∞) is a
compact subset of the unit circle T with zero length. Reversely for every such set, there
exist f ∈ A˜(D), f 6≡ ∞ so that f−1(∞) is exactly this set. Compact subsets of T with
positive length are not compact of interpolation for A˜(D). It is an open question if every
compact subset E ⊂ T with zero length is a compact of interpolation for A˜(D). That is,
is it true that every continuous function h : E → C ∪ {∞} has an extension in A˜(D).
1
2For general f, g ∈ A˜(D) it is not true that sup
z∈D
χ(f(z), g(z)) ≤ sup
|z|=1
χ(f(z), g(z)), even if
we multiply the right member by a constant C < +∞ independent of f, g. However two
members of A˜(D) which concide on T , should be identical. The mean value property
fails in general in A˜(D).
The disc algebra A(D) endowed with the supremum norm is a Banach algebra, so
in particular a complete metric space. The larger class A˜(D) is naturally endowed
with the metric d˜(f, g) = max
|z|≤1
χ(f(z), g(z)), f, g ∈ A˜(D). The metric space (A˜, d˜)
is also complete. Often we write χ(f, g) for d˜(f, g), f, g ∈ A˜(D). Then A(D) is an
open dense subset of A˜(D). Furthermore the relative topology of A(D) from A˜(D)
coincides with the usual topology of A(D). For f ∈ A˜(D) we denote by Ef the set
Ef = {ζ ∈ T : f(ζ) /∈ f(D)}. We prove that generically, for every f ∈ A˜(D) the set
Ef has zero length. Also we show that the set Y = {f ∈ A˜(D) : f(D) ⊂ f(T )} is a
non-void closed subset of A˜(D) of first category. We also introduce the set W = {f ∈
A˜(D) : f(T ) = C ∪ {∞}}. This is a closed subset of A˜(D) of first category, but we do
not know if it is non-empty. If we assume that every compact subset of T with zero
length is a compact of interpolation for A˜(D), then we can show that W is non-empty.
Another open question is to characterize the compact subsets of D which are of
interpolation for A˜(D). A necessary condition is that, they are of the form E ∪ {zn :
n ∈ I}, I finite or infinite denumerable, |zn| < 1 for all n ∈ I, where E ⊂ T is compact
with zero length and all limit points of zn, n ∈ I are included in E. Is the same
condition sufficient or not? If not, what is a nessary and sufficient condition? Another
open question is to characterize the zero sets in D of the members of A˜(D). Every
result which holds in A(D) may be examined if it holds in A˜(D).
In the above discussion the uniform convergence with respect to the metric χ was
considered mainly on D, but we can consider it on other compact subsets of C. For
instance, does Mergelyan’s Theorem holds for this uniform convergence with respect to
the metric χ? In general, this is an open question:
Question: Let L ⊂ C be a compact set with connected complement. Let f : L →
C∪{∞} be a continuous function such that for every component V of L0 either f|V ≡ ∞
or f(V ) ⊂ C and f|V is holomorphic. Is then true that there exists a sequence of
polynomials converging to f uniformly on L with respect to the metric χ?
It is easy to see that the converse holds.
3In the present article we give a positive answer to the previous question in a few
particular cases, while the general case is open.
More generally one can investigate the uniform limits with respect to the metric χ on
other sets, as an annulus or a circle, of a sequence of rational functions with prescribed
set of poles. For instance I do not know what are the limits on a circle when we
approximate by polynomials. On the contrary on the unit circle, if we approximate with
trigonometric polynomials, the limits are all continuous functions f : T → C ∪ {∞}.
Therefore, we see that there are several directions to continue our investigation.
Before closing we say that, if we consider H(D), the space of holomorphic functions
in D, endowed with the topology of uniform convergence on compacta, then A˜(D) ∩
H(D) is a subset of H(D) of first category. One reason is that A˜(D) is disjoint with
the residual set U in H(D) of universal Taylor series ([1], [2]). In fact if f ∈ U , then it
is impossible to have a finite (in C) limit lim
z → eiϑ
|z|<1
f(z) ([3]).
2. The definition
We consider the open unit disc D = {z ∈ C : |z| < 1} in the complex plane C
and we fixe w ∈ C ∪ {∞}. We are looking for the usual uniform limits on the closed
unit disc D = {z ∈ C : |z| ≤} of rational functions whose poles in C ∪ {∞} are
included in {w}. For w = ∞ we are looking for the usual uniform limits on D of
polynomials P (z) =
N∑
n=0
anz
n, an ∈ C, N = 0, 1, 2, . . . . It is well known that the set
of such limits coincides with the disc Algebra A(D) = {f : D → C, continuous on D
and holomorphic in D}. If w ∈ C, |w| > 1 we are looking for the usual uniform limits
on D of functions of the form P (z) =
N∑
n=0
an
1
(z−w)n , an ∈ C, N = 0, 1, 2, . . . . Then the
set of such limits ia again the disc Algebra A(D).
If w ∈ C, |w| ≤ 1, the function P (z) = f(z) satisfies f(w) =∞, with w ∈ D or f is
constant. Looking for uniform limits with respect to the Eucledian metric in C ∼= R2
we exclude the cases f(w) =∞, so the set of such limits should be the set of constant
functions g(z) = c for all z ∈ D with c ∈ C. The answer is not satisfactory, because the
set of limits does not contain the trivial cases of constant sequences as fn(z) =
1
z−w ,
n = 1, 2, . . . . Such a sequence should converge to the function f(z) = 1
z−w ; but, this is
excluded, because it takes the value ∞ in z = w ∈ D. This leads us to search for the
uniform limits of the rational functions with poles in C ∪ {∞} included in {w} with
4respect to the chordal distance χ on C ∪ {∞}.
We have
χ(z1, z2) =
|z1 − z2|√
1 + |z1|2
√
1 + |z2|2
for z1, z2 ∈ C
and χ(z,∞) =
1√
1 + |z|2
for z ∈ C and χ(∞,∞) = 0.
Geometrically, we identify C ∪ {∞} with S2 ⊂ R3 via stereographic projection and χ
is a constant multiple of the restriction on S2 of the usual Eucledian metric in R3.
If fn, f : E → C∪{∞}, n = 1, 2, . . . are functions defined on a set E, then fn → f
uniformly on E, with respect to the metric χ if and only if, sup
z∈E
χ(fn(z), f(z)) → 0,
as n → +∞. With this convergence in mind, we must reexamine the cases w =∞ or
w ∈ C, |w| > 1, as well.
Suppose w =∞. Assume that a sequence of polynomials fn n = 1, 2, . . . converges
to a function f : D → C ∪ {∞} uniformly on D with respect to χ. Since uniform
convergence preserves continuity, it follows that f is continuous when C ∪ {∞} is
endowed with the metric χ. Suppose that f(z0) = ∞ for some z0, |z0| < 1. Then for
some r > 0 small we have χ(f(z0) =∞, f(z)) <
1
3 for all z : |z−z0| < r. Since fn → f
uniformly with respect to χ, there exists n0 so that χ(fn(z),∞) <
1
2 for all n ≥ n0 and
all z : |z − z0| < r. Thus, fn(z) ∈ C − {0} for all n ≥ n0 and z : |z − z0| < r. Since
fn is holomorphic in C, being a polynomial, it follows that
1
fn
is holomorphic in the
disc {z : |z − z0| < r}. As χ
(
1
z1
, 1
z2
)
= χ(z1, z2) for all z1, z2 ∈ C ∪ {∞}, it follows
that 1
fn
→ 1
f
uniformly on {z : |z − z0| < r} with respect to the distance χ. Since
χ(∞, f(z)) < 13 it follows χ
(
0, 1
f(z)
)
< 13 for all z : |z − z0| < r and χ
(
0, 1
fn(z)
)
< 12 for
all z : |z − z0| < 4 and n ≥ n1, for some n1 ≥ n0. Thus, there exist M < +∞ so that∣∣∣ 1fn(z)
∣∣∣ < M and ∣∣∣ 1f(z) ∣∣∣ < M for all n ≥ n1 and z : |z − z0| < r. It follows easily
sup
z:|z−z0|<r
∣∣∣∣ 1fn(z)− 1f(z)
∣∣∣∣ ≤ sup
z:|z−z0|<r
χ
(
1
fn(z)
,
1
f(z)
)
·C for all n ≥ n1 with C < +∞.
Thus, the sequence of holomorphic mappings 1
fn
, n ≥ 1 converges uniformly on {z :
|z−z0| < r} to
1
f
with respect to the usual Eucledian distance on C = R2. But 1
fn(z)
6= 0
for all z : |z − z0| < r, n ≥ n1 and
1
f(z0)
= 0. Hurwitz Theorem implies f ≡ ∞ on
{z : |z − z0| < r}. Thus the set f
−1(∞) ∩D is open. The same set is relatively closed
by continuity. Since D is connected, it follows f ≡ ∞. Reversely, for Pn(z) ≡ n the
limit is∞. So the constant infinity function is one possible limit. If f is not identically
5equal to ∞ and f is a possible limit, then f(D) ⊂ C and the value ∞ is possible only
on the boundary ∂D = T where T = {z ∈ C : |z| = 1} is the unit circle. It is also
easily seen, by the previous discussion, that fn → f uniformly on compact subsets of
D with respect to the usual Eucledian metric in C = R2. Thus, f is holomorphic in D.
Theorem 2.1. Let f : D → C ∪ {∞} be a continuous function, such that, f(D) ⊂ C
and f|D : D → C is a holomorphic function. Then, there exists a sequence of
polynomials fn(z) =
Nn∑
j=0
anj z
j , anj ∈ C, Nn ∈ {0, 1, 2, . . .} so that fn → f uniformly on
D with respect to the metric χ.
Proof. Let ε > 0. Continuity of f on the compact set D implies uniform continuity
with respect to the metric χ. Thus, there exists r, 0 < r < 1, so that χ(f(z), f(rz)) <
ε
2 for all z ∈ D. We consider the Taylor development of f in D with center zero
f(z) =
∞∑
j=0
ajz
j . The convergence is uniform on {z : |z| ≤ r} with respect to the usual
Eucledian metric in C = R2. Thus, there exists N so that∣∣∣∣f(τ)−
N∑
j=0
ajτ
j
∣∣∣∣ < ε2 , for all τ with |τ | ≤ r.
But χ(z1, z2) ≤ |z1 − z2| and |rz| ≤ r for all z ∈ D. It follows
χ
(
f(rz),
N∑
j=0
ajr
jzj
)
<
ε
2
for all z ∈ D.
The triangular inequality implies χ(f(z), P (z)) < ε for all z ∈ D where P is the
polynomial P (z) =
N∑
j=0
ajr
jzj . This completes the proof. 
Definition 2.2. A˜(D) denotes the set of all functions f : D → C ∪ {∞} such that
f is identically equal to ∞ of f is continuous with respect to the metric χ, f(D) ⊂ C
and f|D : D → C is holomorphic in D.
The class A˜(D) contains the set of polynomials and we saw previously that poly-
nomials are dense in A˜(D), for the topology of uniform convergence on D with respect
to the metric χ.
Continuing our effort to identify all uniform limits on D with respect to the metric
χ by functions of the form P (z) =
N∑
j=0
aj
1
(z−w)j
, where w ∈ C is fixed, we can say the
following.
6If |w| > 1 then the set of limits is A˜(D), the same as for w = ∞. The only
modification is in the proof of Theorem 2.1. Instead of approximating f on {z : |z| ≤ r}
by a partial sum of the Taylor development, we can use Runge’s Theorem and make
approximation by a polynomial in 1
z−rw . If |w| < 1, then the set of possible limits is the
set of f ≡ ∞ or f(z) = Q
(
1
z−w
)
, where Q is any polynomial; that is, the set of limits is
almost the same as the set of approximating functions. To prove this, assume f 6≡ ∞.
Then, Hurwitz Theorem implies that f(D−{w}) ⊂ C. We already used this fact which
states that the limiting function f can not take the value ∞ at an interior point where
the approximating functions take finite values, unless f ≡ ∞. Since f is holomorphic in
D−{w}, then there exist unic functions f1 and f2 so that f = f1+f2 on D−{w}, f1 is
holomorphic in D and f2 is holomorphic in Cr {w} and satisfies lim
z →∞
f2(z) = 0. This
follows using the Laurent decomposition of f with center w; see also [4]. If 0 < r1 < r2
are such that {ζ : |ζ −w| ≤ r2} ⊂ D, then f1(z) =
1
2pii
∫
|ζ−w|=r2
f(ζ)
ζ−z dζ for |z −w| ≤ r1.
Suppose Pn
(
1
z−w
)
→ f(z) uniformly on D with respect to χ, where Pn are
polynomials. Since f takes finite values on {ζ : |ζ−w| = r2} whose set is a compact set
not containing ∞, it follows easily that Pn
(
1
ζ−w
)
→ f(ζ) uniformly on {ζ : |ζ −w| =
r2} with respect to the usual Euclidean metric on C = R
2. It follows that
1
2pii
∫
|ζ−w|=r2
Pn
(
1
ζ−w
)
ζ − z
dζ → f1(z) on {z : |z − w| ≤ r1}.
But the left hand side coincide with the constant term of the polynomial Pn. So f1
is constant on {z : |z − w| ≤ r1} and on D by analytic continuation and continuity.
Thus, f1(z) ≡ c ∈ C. The function f2 coincides with the principal part of the Laurent
development of f with center w. w is a pole or a removable singularity for f . If w is
a pole for f , we conclude f2(z) =
N∑
j=1
bj
1
(z−w)j
with N = {1, 2, . . .}, bj ∈ C. If w is a
removable singularity for f we conclude f2 ≡ 0. This completes our investigation in
the case |w| < 1. It remains the case |w| = 1. In this case the functions f ≡ ∞ or
f(z) = P
(
1
z−w
)
with P any polynomial are among the limiting functions. If f is a
limiting function f 6≡ ∞, then f(D) ⊂ C and the value ∞ is possible only on the unit
circle T .
Question: Is there any limiting function f in the case |w| = 1, such that f 6≡ ∞ and
f(ζ) =∞ for some ζ : |ζ| = 1, ζ 6= w? What is a characterization of the set of limiting
functions in this case?
73. Properties of the members of A˜(D)
Proposition 3.1. Let f ∈ A˜(D) and c ∈ C ∪ {∞}. If f(ζ) = c holds for a set of
positive Lebesgue measure on the unit circle T , then f ≡ c.
Proof. If c ∈ C, then the result follows by Privalov’s Theorem ([5] page 84) applied
to the function f − c. Let c = ∞. Then, by uniform continuity of f with respect
to the metric χ, there exists θ1 < θ2 < θ1 + 2pi and r, 0 < r < 1, so that f(z) 6= 0
on {teiϑ : r ≤ t ≤ 1, θ1 ≤ ϑ ≤ θ2} ≡ L and f(ζ) = ∞ on a compact subset E of
{eiϑ : θ1 ≤ ϑ ≤ θ2} with positive length. Assume f 6≡ ∞ to arrive at a contradiction.
There exists a Riemann mapping F : D → L0 with F ′ ∈ H1, because ∂L is
rectifiable ([6] page 44). For the length of E, |E| > 0, we have |E| =
∫
F−1(E)
F ′(eiϑ)dϑ.
Thus, F−1(E) is a compact subset of T = ∂D with positive length and the function
1
f
◦F vanishes on F−1(E). Since 1
f
◦F is holomorphic in D, Privalov Theorem implies
1
f
◦ F ≡ 0 on D, which gives f ≡ ∞. 
Proposition 3.2. Let E ⊂ T = ∂D be a compact set with zero length. Then, there
exists f ∈ A˜(D) so that f−1(∞) = E.
Proof. It is well known ([7] page 81) that there exists g ∈ A(D), such that, g|E ≡ 1
and |g(z)| < 1 for all z ∈ D − E. It suffices to set f = 1
g−1 . 
If a compact set E ⊂ T = ∂D has positive length, then it is not a compact of
interpolation for A˜(D). Let ζ0 ∈ E. We consider the function h(ζ0) = 1, h(ζ) = 0 for
ζ ∈ E r {eiϑζ0 : |ϑ| ≤ ε}, where ε =
|E|
100 , extended linearly on {e
iϑζ0 : |ϑ| ≤ ε} ∩ E.
This function h can not have an extension f in A˜(D). Since |Er {eiθζ0 : |ϑ| ≤ ε}| > 0,
it would follow that f ≡ 0; but f(ζ0) = h(ζ0) = 1 6= 0. This gives a contradiction.
Question: Is it true that every compact set E ⊂ T = ϑD with zero length is a
compact of interpolation for A˜(D)? That is, is it true, that, for every continuous
function h : E → C ∪ {∞} there exists f ∈ A˜(D) so that f|E = h? Furthermore one
could ask for a characterization of compact sets E ⊂ D which are of interpolation for
A˜(D).
We notice that for f, g ∈ A˜(D) we do not have in general sup
z∈D
χ(f(z), g(z)) ≤
sup
|z|=1
χ(f(z), g(z)) · C for any constant C < +∞ independent of f and g. In fact, even
8if we fix r, 0 < r < 1, there is no constant C < +∞ so that sup
z∈D
χ(f(z), g(z)) ≤
C sup
r≤|z|≤1
χ(f(z), g(z)) for all f, g ∈ A˜(D). To see this we set g ≡ ∞ and fn(z) = nz.
Then,
sup
z∈D
χ(fn(z), g(z)) ≥ χ(0,∞) = 1 but
sup
r≤|z|≤1
χ(fn(z), g(z)) = χ(nr,∞) → 0, as n → +∞.
However, we have the following.
Proposition 3.3. Let f, g ∈ A˜(D). If f(ζ) = g(ζ) for all ζ ∈ T = ∂D, then f ≡ g.
Proof. If f ≡ ∞ or g ≡ ∞, then the result follows from Proposition 3.1. We assume
f 6≡ ∞ and g 6≡ ∞. Proposition 3.1. implies that the set E = {ζ ∈ T : f(ζ) = ∞}
is a compact set with zero length. Since f(ζ) = g(ζ) for all ζ ∈ T we conclude that
the function f − g, which takes finite values in D and is holomorphic in D, extends
continuously on D ∪ (T r E) with values in C. We also have f(z) − g(z) = 0 on
T rE. Since T rE contains a compact set with positive length, it follows by Privalov’s
Theorem ([5], page 84) that f(z) ≡ g(z) on D and by continuity on D.
The proof is complete. 
Furthermore the mean value property f(0) = 12pi
2pi∫
0
f(eiϑdϑ does not hold for all
f ∈ A˜(D), f 6≡ ∞. If we set 1
z−1 = f(z). Then f ∈ A˜(D) with f
−1(∞) = {1} and
f /∈ L1(T, dϑ). Thus, the mean value property is not valid. Even if we interprete the
integral as a principal value we have:
lim
ε→ 0+
1
2pi
∫ 2pi−ε
ε
1
eiϑ − 1
dϑ = lim
ε→ 0+
1
2pi
∫ pi
ε
2Re
1
eiθ − 1
dϑ = −
1
2
6= −1 = f(0),
because Re 1
eiϑ−1
= −12 for all ϑ ∈ R.
The mean value property f(0) = 1
pi
∫
x2+y2<1
f(x + iy)dxdy is neither valid for all
f ∈ A˜(D), f 6≡ ∞. If we set f(z) = 1
(z−1)2
then f ∈ A˜(D), f−1(∞) = {1} and f /∈
L1(D, dxdy). However, in polar coordinates, the iterated integral 1
pi
1∫
r=0
2pi∫
θ=0
f(reiϑ)(dϑ) ·
rdr is equal to f(0) for all holomorphic functions in D. I also think that for every
G ∈ H10 the formula f(0) =
1
2pi
2pi∫
ϑ=0
f(eiϑ)(1+G(eiϑ))dϑ does not hold for all f ∈ A˜(D),
f 6≡ 0, but I do not have a proof.
94. Topological properties of A˜(D)
In the disc algebra A(D) = {f : D → C continuous on D and holomorphic in
D} we consider the metric d(f, g) = max
|z|≤1
|f(z) − g(z)|. Then (A(D), d) is a complete
metric space. In A˜(D) we consider the metric d˜(f, g) = max
|z|≤1
χ(f(z), g(z)). Very often,
we write χ(f, g) instead of d˜(f, g), f, g ∈ A˜(D). Then (A(D), d˜) is a complete metric
space. If fn ∈ A˜(D) is d˜-Cauchy sequence, then, since (C ∪ {∞}, χ) is a complete
metric space, there exists a function f : D → C ∪ {∞}, such that, for every z ∈ D
χ(fn(z), f(z)) → 0, as n → +∞. Let ε > 0, then sup
z∈D
χ(fn(z), fm(z)) < ε for all
n,m ≥ n0, for some n0. Making m → +∞ we obtain d˜(fn, f) < ε for all n ≥ n0. So
d˜(fn, f) → 0. If f ≡ ∞, then f ∈ A˜(D).
Assume f(z0) ∈ C for some z0 ∈ D.
Thus fn(z0) ∈ C for all n ≥ n1 for some n1. On a compact neighborhood Vz0 of z0
in D we find |f(z)| ≤M for some M < +∞ and for all z ∈ V˜z0 where V˜z0 is a compact
neighborhood of z0 included in Vz0 .
We set ε = 12χ(∞, {a ∈ C : |α| ≤M}) > 0. Then, the set {β ∈ C ∪ {∞} : χ(β, {a ∈
C : |α| ≤M}) ≤ ε} is compact and does not contain ∞. But every compact subset of
C is bounded (in Eucledian distance). So there exists M ′, M ≤ M ′ < +∞, so that,
χ(β, α) ≤ ε for some α with |α| ≤ M implies |β| ≤ M ′. Thus, there exist n1 so that
|fn(z)| ≤ M
′ and |f(z)| ≤ M ′ for all z ∈ V˜z0 and n ≥ n1. Thus χ(fn(z), f(z)) ≥
|fn(z)−f(z)|
1+M ′2
. So fn → f uniformly with respect to Eucledian distance on V˜z0 . It follows
that f is holomorphic in some open set Uz0 containing z0, if z0 ∈ D or z0 ∈ ∂Uz0 if
z0 ∈ T .
Assume z1 ∈ D is such that f(z1) = ∞. Then on a compact neighborhood Uz1 of
z1 we have χ(f(z),∞) <
1
3 . There exists n3 so that χ(f(z), fn(z)) <
1
3 for all z ∈ Uz,
and n ≥ n3. The triangular inequality implies χ(fn(z),∞) <
2
3 for all z ∈ Uz, and
n ≥ n3. This implies |fn(z)| >
√
7
2 and |f(z)| >
√
7
2 . Thus, in the interior of Uz1 the
holomorphic functions 1
fn
and 1
f
are bounded above by
√
2
7 . Since χ
(
1
α
, 1
β
)
= χ(α, β)
we see 1
fn
→ 1
f
uniformly on Uz1 with respect to the metric χ; but χ
(
1
fn(2)
, 1
f(z)
)
≥∣∣∣ 1fn(z)− 1f(z)∣∣∣
9
7
on Uz1 . This implies that
1
fn
→ 1
f
uniformly on Uz1 with respect to the
usual Eucledian metric on C = R2. If fn ≡ ∞ for infinitely many n’s, then obviously
f ≡ ∞ belongs to A˜(D). So we assume fn(D) ⊂ C and fn|D holomorphic for every
10
n. But 1
fn(z)
6= 0 for every n and z ∈ Uz1 while
1
f(z1)
= 0. Hurwitz Theorem implies
f(z) ≡ ∞ on Uz1 . Thus the set {z ∈ D : f(z) = ∞} is open. By the continuity of
f , the same set is closed in D. Since D is connected, this set is either empty or the
hole D. In the second case f ≡ ∞, so f ∈ A˜(D). In the first case f(D) ⊂ C and f is
holomorphic in D. Since f : D → C∪ {∞} is continuous we conclude that f ∈ A˜(D).
This completes the proof. 
Thus, we have proved the following.
Theorem 4.1. (A˜(D), d˜) is a complete metric space.
Proposition 4.2. A(D) is an open dense subset of A˜(D). Furthermore, the relative
topology of A(D) from A˜(D) coincides with the usual topology of A(D).
Proof. Let f ∈ A(D); then f(D) is a compact subset of C and does not contain ∞.
We set ε = 12χ(f(D),∞) > 0. If g ∈ A˜(D) satisfies sup
|z|≤1
χ(f(z), g(z)) < ε, then it
follows that ∞ /∈ g(D). So g ∈ A(D). This proves that A(D) is open in A˜(D). Since
A(D) contain the polynomials Theorem 2.1. implies that A(D) is dense in A˜(D).
Let fn ∈ A(D) and f ∈ A(D) be such that fn → f uniformly on D with respect
to the Eucledian metric in C = R2. Since χ(α, β) ≤ |α− β|, it follows that fn → f in
A˜(D).
Reversely, let gn ∈ A(D) and g ∈ A(D) be such that gn → g in A˜(D). Since g(D)
is a compact subset of C, we find |g(z)| ≤M for all z ∈ D and some M < +∞. By an
argument already used several times we have |gn(z)| ≤ M
′ for all z ∈ D and n ≥ n5
for some n5 and M
′, M ≤M ′ < +∞. Thus, the convergence gn → g in A˜ implies the
convergence gn → g in A(D). This proves that the relative topology of A(D) from
A˜(D) coincides with the usual topology of A(D). 
In [8] we consider any Hausdorff measure function h. We follow the notations of
[8]. Let f ∈ A˜(D). Then Ef = {ζ ∈ T : f(ζ) /∈ f(D)}. It is proven ([8]) that the set
of f ∈ A(D) such that Λh(Ef ) = 0 is dense and Gδ in A(D). By Proposition 4.2. the
same set is dense and Gδ in A˜(D). Thus, the set of f ∈ A˜(D) such that Λh(Ef ) = 0 is
residual in A˜(D).
Proposition 4.3. Let h be any Hausdorff measure function. The set of all f ∈ A˜(D),
such that Λh(Ef ) = 0 is dense and Gδ in A˜(D), where Ef = {ζ ∈ T : f(ζ) /∈ f(D)}.
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Proof. After the previous discussion, it remains to prove that this set is Gd in A˜(D).
We follow the notation of [8], especially of the first part of the proof of Theorem 3.1 of
[8]. We consider the sets SN =
{
f ∈ A˜(D) :Mh(Ef ) <
1
N
}
.
Since
∞⋂
N=1
SN is our set, it suffices to show that SN − {f ≡ ∞} is open. Since the
singleton {f ≡ ∞} is a Gδ, the result would follow, because the union of two Gδ sets
is again a Gδ set.
Let f ∈ SN (f 6≡ ∞); thus, there exists a countable collection of discs Dm so that
Ef ⊂
⋃
m
Dm and Σ h(rm) <
1
N
where rm is the radius of Dm. We have f 6≡ ∞.
Since Ef ⊃ f
−1(∞), by the continuity of f and the compactness of T r
⋃
m
Dm, there
exists M < +∞ so that |f(ζ)| < M ∀ ζ ∈ T r ∪Dm.
We consider a finite set of disjoint open intervals (αi, βi) i = 1, . . . , n, α1 < β1 <
α2 < β2 < · · · < αn < βn < α1 + 2pi and an r, 0 < r < 1 so that f
−1(∞) ⊂
n⋃
i=1
{eiϑ :
αi < ϑ < βi} ⊂
⋃
m
Dm and, for every z ∈ S =
{
teiθ : r ≤ t ≤ 1, θ ∈
n⋃
i=1
(αi, βi)
}
we have
|f(z)| > M˜ for some M˜ , M < M˜ < +∞.
Obviously, for all ζ ∈ T r
⋃
m
Dm we have f(ζ) /∈ f(S). As ζ /∈ Ef , it follows
f(ζ) ∈ f(D r S); thus, δf (f(ζ),D r S) > 0. By continuity of δf and compactness of
T r
⋃
m
Dm we have that η = inf
{
δf (f(ζ),D r S); ζ ∈ T r
⋃
m
Dm
}
> 0. As in [8], if
g ∈ A˜(D) satisfies sup
DrS
|f(z) − g(z)| <
η
2
then, it follows δg(g(ζ);D r S) > 0 for all
ζ ∈ T r
⋃
m
Dm. Thus g(ζ) ∈ g(D r S) ⊂ g(D) and Eg ⊂
⋃
m
Dm, which would imply
g ∈ SN .
So it suffices to find ε > 0, so that sup
|z|≤1
χ(f(z), g(z)) < ε implies sup
z∈DrS
|f(z) −
g(z)| <
η
2
. Since f(D r S) ⊂ C we find M1 < +∞ so that |f(z)| < M1 for all
z ∈ D r S. There exists ε1 > 0 so that |a| < M1, χ(α, β) < ε1 imply |β| < M1+1 =M2.
So, if χ(f, g) < ε1, g ∈ A˜(D) we have |g(z)|, |f(z)| ≤ M2 for all z ∈ D r S. Now for
z ∈ D r S we have
χ(f(z), g(z)) =
|f(z)− g(z)|√
1 + |f(z)|2
√
1 + |g(z)|2
>
|f(z)− g(z)|
1 +M22
.
We set ε = 12 min
(
ε1,
η
2(1+M22 )
, χ(f,∞)
)
> 0. We can easily verify that, if g ∈ A˜(D) is
such that χ(f, g) < ε, then, g 6≡ ∞ and for every z ∈ Dr S we have |f(z)− g(z)| < η2 ,
which imply g ∈ SN , g 6≡ ∞. This proves that SN − {f ≡ ∞} is open in A˜(D). The
result easily follows since the singleton {f ≡ ∞} is a Gδ. 
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Next we consider the sets
X = {f ∈ A(D) : f(D) ⊂ f(T )} ⊂ A(D)
and
Y = {f ∈ A˜(D) : f(D) ⊂ f(T )} ⊂ A˜(D).
G. Costakis pointed out that X is closed in A(D). In fact Y is also closed in A˜(D). It
suffices to show that A˜(D)r Y is open in A˜(D).
Proposition 4.4. Y is closed in A˜(D).
Proof. Let f ∈ A˜(D)rY ; then, there exists z0 ∈ D so that f(z0) ∈ C and f(z0) /∈ f(T ).
Since f(T ) is a compact subset of C ∪ {∞}, we find ε > 0 so that χ(f(z0), f(T )) > ε.
Let r > 0 so that {z : |z0 − z| ≤ r} ⊂ D and χ(f(z), f(z)) < ε for all z : |z0 − z| ≤ r.
Since f is non-constant we may choose r′ : 0 < r′ ≤ r so that f(z) 6= f(z0) for all z : 0 <
|z−z0| ≤ r
′. Let δ = min
|z−z0|=r′
|f(z)−f(z0)| > 0. Since {f(z) : |z−z0| = r
′} is a compact
subset of C, we find ε′, 0 < ε′ < ε, so that χ(f(z), w) < ε′ for some z : |z − z0| = r
implies |f(z)−w| < δ. We will show that if g ∈ A(D) and sup
z∈D
χ(f(z), g(z)) < ε′, then
g ∈ A˜(D)r Y .
It suffices to show that f(z0) ∈ g(D) r g(T ). Since, for every e
iϑ ∈ T we have
χ(g(eiϑ), f(eiϑ)) < ε′; so χ(g(eiϑ), f(T )) < ε′; but χ(f(z0), f(T )) > ε > ε
′, so g(eiϑ) 6=
f(z0) for all ϑ ∈ R. It follows f(z0) /∈ g(T ).
We also have
|f(z)− f(z0)| ≥ δ > |f(z)− g(z)| for all z : |z − z0| = r
′.
Rouche’s lemma implies that f(z0) ∈ g(D). This completes the proof. 
A˜(D) r Y contains every non-constant polynomial. Now every constant a ∈ C is
the limit in A˜(D) of the sequence Pn = a +
z
n
. Theorem 2.1. implies the A˜(D) r Y is
dense; as, it is open also, it follows that Y is a closed subset of A˜(D) which is of the
first category. In a similar may one can prove that X is a closed subset of A(D) which
is of the first category.
We notice that X ⊂ Y are non-void. To see this, we consider K ⊂ T a compact set
of Cantor type with zero length. It is well known that there exists a continuous mapping
Φ : K → [0, 1] with Φ(K) = [0, 1]. Next we consider a Peano curve Γ : [0, 1] → D
which is continuous and Γ ([0, 1]) = D.
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We consider the function h = Γ ◦Φ : K → D, which is continuous and h(K) = D.
By the Rudin-Carleson Theorem ([7], pages 81-82) there exists f ∈ A(D) so that
f|K = h and |f(z)| ≤ 1 for all x ∈ D. Then f(D) ⊂ D = h(K) = f(K) ⊂ f(T ). Thus
f ∈ X ⊂ Y and X,Y are non-void. Summarizing we have proved
Proposition 4.5. Y is a non-void closed subset of A˜(D) of first category.
Furthermore, we consider the setW ⊂ Y , W = {f ∈ A˜(D) : f(T ) = C∪{∞}} ⊂ Y .
Obviously, W is of first category in A˜(D). In fact W is closed in A˜(D). It suffices to
show that A˜(D) rW is open. Let f ∈ A˜(D) rW . Then, there exist P ∈ C ∪ {∞}
such that P /∈ f(T ). Since f(T ) is compact χ(P, f(T )) = δ > 0. Let 0 < ε < δ.
Then, if g ∈ A˜(D) satisfies sup
z∈D
χ(f(z), g(z)) < ε, it follows easily that P /∈ g(T ). Thus,
g ∈ A˜(D) rW and A˜(D) rW is open in A˜(D). It follows that W is a closed set of
first category in A˜(D). We have proved
Proposition 4.6. W is a closed subset of A(D) of first category.
We do not know if W 6= ∅. If it is true that every compact set K ⊂ T with zero
length, is a compact of interpolation for A˜(D), then we can show that W 6= ∅.
We consider K1 ⊂ T a compact set of Cantor type with length 0. K2 ⊂ T is disjoint
from K1, it is a compact set of Cantor type with length 0, which is contained in the
middle third in the first level of the construction of K1. K2 has as middle point the
middle point P of K. Kn+1 ⊂ T is a compact set of Cantor type with zero length,
disjoint from all K1, . . . ,Kn, lying in the middle third in the first level of construction
of Kn and with middle point P .
We setK = {P}∪
∞⋃
i=1
Ki. This set is compact with zero length. So, we assume that it
is of interpolation for A˜(D). There exist continuous maps Φi : Ki → [2i−1, 2i] so that
Φi(Ki) = [2i− 1, 2i]. There exist Peano curves Γi : [2i− 1, 2i] → {z : i− 1 ≤ |z| ≤ i},
i = 1, 2, . . . such that Γi([2i − 1, 2i]) = {z : i − 1 ≤ |z| ≤ i}. We consider the maps
Γi ◦ Φi : Ki → {z : i − 1 ≤ |z| ≤ i} which are continuous and onto. The map
h : K → C ∪ {∞} defined by h(P ) = ∞ and h|Ki = Γi ◦ Φi is continuous and onto;
thus h(K) = C ∪ {∞}. By assumption there exist f ∈ A˜(D) so that f|K = h.
Then f ∈W because f(T ) ⊃ f(K) = h(K) = C− {∞}. So W is non void.
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5. Further results and open questions
One open question is if Mergelyan’s Theorem extends to our case. That is, to
investigate the set of uniform limits with respect to the distance χ of polynomials on a
compact set L ⊂ C with Lc connected.
The question is if the limits are exactly the continuous functions f : L → C∪{∞}
such that, for every compoment V of L0 either f|V ≡ ∞ or f(V ) ⊂ C and f|V is
holomorphic. We notice that, it is possible so that for one component we have the
first alternative, while for another component we may have the second alternative. The
general case is open. We just give an affirmative answer in a few particular cases.
Proposition 5.1. Let L ⊂ C be a compact set, such that, L = L0 and L0 is starlike
with respect to some point z0 ∈ L
0. Then the uniform limits with respect to the metric
χ of polynomials on L are exactly the functions f ≡ ∞ of f : L → C∪{∞} continuous
with f(L0) ⊂ C and f|L0 holomorphic.
For the proof we may assume z0 = 0. Then we imitate the proof on L = D. The
difference is that when we approximate f on the compact set rL, with 0 < r < 1,
we cannot use a Taylor development of f , but we can use the classical Mergelyan’s
Theorem. The approximation is uniform on rL with respect to the Eucledian distance
on C = R2; since χ(α, β) ≤ |α−β| for all α, β ∈ C, this implies approximation uniform
with respect to the distance χ.
Under the assumptions of Proposition 5.1., if w ∈ CrL, then the uniform limits on
L by functions of the form P
(
1
z−w
)
, where P is any polynomial are the same with those
given by Proposition 5.1.. The difference in the proof is, when we apply Mergelyan’s
Theorem to do approximation of f on rL, 0 < r < 1, then we choose as pole rw /∈ rL
and not ∞.
Next we consider the analogue problem on an annulus. Without loss of generality
we may assume that this annulus is Ω = D(0, r, 1) = {z ∈ C : r < |z| < 1} with
0 < r < 1.
Proposition 5.2. Let 0 < r < 1 and Ω = D(0, r, 1). Then the uniform limits on Ω
with respect to χ of polynomials are the functions f ∈ A˜(D).
In the proof, if the sequence of polynomials Pn converges uniformly on D(0, r, 1)
with respect to χ to f 6≡ ∞, then f{z : r < |z| < 1} ⊂ C and f is holomorphic in
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{z : r < |z| < 1}. So there exists M < +∞, so that |f(z)| < M on |z| = r+12 . Because
χ(Pn, f) → 0 we find M1 : M < M1 < +∞ and n0 so that |Pn(z) < M1 for |z| =
1+r
2
and n ≥ n0. For |a|, |b| < M1 we have χ(α, β) ≥
|al−β|
1+M21
; So Pn → f uniformly on
|z| = 1+r2 with respect to the usual Euclidian metric on C = R
2. Thus, the sequence
Pn, n = 1, 2, . . . is uniformly Cauchy on |z| =
r+1
2 with respect to the Eucledian metric
in C. The maximum principle implies that the sequence of polynomials Pn is uniformly
Cauchy on |z| ≤ r+12 . Its limit is a holomorphic extension of f , so finally f ∈ A˜(D). It
is remarkable that the value ∞ is not permitted on |z| = r, unless f ≡ ∞.
If we wish to investigate the analogue problem on D(0, r, 1), 0 < r < 1 using
functions of the form P
(
1
z−w
)
where P is any polynomial and w ∈ C fixed, then the
answer is the following.
If |w| > 1 then the possible limits are f ∈ A˜(D). The proof is the same as in the
case of polynomials.
The case |w| < r is reduced to the previous one by an inversion. The possible limits
are f ≡ ∞ or f : {z : r ≤ |z|} → C ∪ {∞} continuous with f({z : r < |z|}) ⊂ C and
f holomorphic in r < |z| and lim
z →∞
f(z) exist in C.
In the case r < |w| < 1, the limits are exactly f ≡ ∞ or f(z) = P
(
1
z−w
)
with P
any polynomial. The argument in the proof uses Cauchy transforms as in § 2. In the
case |w| = 1 or |w| = r I do not know the answer.
For r = 1, I do not know the answer to the analogue question of finding the uniform
limits on T = {z ∈ C : |z| = 1} with respect to χ of all polynomials.
Finally we may consider Ω = D(0, r, 1) 0 < r < 1 and searching for the limits
using two poles. There are 5 cases {∞} ∪ {w ∈ C : |w| > 1}, {w ∈ C : |w| = 1},
{w ∈ C : r < w < 1}, {w ∈ C : |w| = r}, {w ∈ C : |2| < r}. So the number of possible
locations of two poles w1, w2 is
(
5
2
)
= 10. In some of these cases the author does not
know the answer, but in some other cases we know the answer.
If we use the poles w1 =∞, w2 = 0 then we approximate by functions of the form
N∑
n=−N
anz
n. The limit functions are f ≡ ∞ or f : D(0, r, 1) → C ∪ {∞} continuous,
f(D(0, r, 1)) ⊂ C and f|D(0,r,1) holomorphic.
For the proof we use Laurent expansion and we approximate in χ metric separately
the principal part and the regular part. Next we need a lemma of the following form.
Lemma 5.3. Let g, f : D(0, r, 1) → C ∪ {∞} are continuous on D(0, r, 1), f({z : r ≤
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|z| < 1}) ⊂ C, g({z : r < |z| ≤ 1}) ⊂ C, fn, gn : D(0, r, 1) → C continuous.
We assume that
sup
z∈D(0,r,1)
χ(fn(z), f(z)) → 0 and sup
z∈D(0,r,1)
χ(gn(z), g(z)) → 0.
Then f + g is well defined with values in C ∪ {∞} and
sup
z∈D(0,r,1)
χ(fn(z) + gn(z), f(z) + g(z)) → 0.
For the proof of the lemma it is essential that f−1(∞) ⊂ {z : |z| = 1} and g−1(∞) ⊂
{z : |z| = r}; so the compact sets f−1(∞), g−1(∞) are disjoint.
We fix ε > 0 and we are looking for n0 so that sup
z∈D(0,r,1)
χ(fn(z)+gn(z), f(z)+g(z)) <
ε for all n ≥ n0.
We obtain that there exist a constantM < +∞ so that |f(z)| ≤M for r ≤ |z| ≤ r+12
and |g(z)| ≤M for r+12 ≤ |z| ≤ 1. We can choose a relatively open neighborhood V1 of
f−1(∞) so that V1 ⊂ {z :
r+1
2 < |z| ≤ 1} so that |f(z)| > M1 for z ∈ V1, where M1 is
in our disposal. Then |f(z) + g(z)| > M1 −M on V1.
We easily find n1 so that for n ≥ n1 we have |fn(z)+gn(z)| > M1−M−1 on V1. We
can chooseM1 big enough so that the χ diameter of {∞}∪{w ∈ C : |w| > M1−M−1}
is less than ε. So, for n ≥ n1 we have sup
z∈V1
χ(fn(z)+gn(z), f(z)+g(z)) <
ε
3
. In a similar
way we find a relatively open neighborhood V2 of g
−1(∞), V2 ⊂
{
z : r ≤ |z| < r+12
}
and
n2 so that for n ≥ n2 we have sup
z∈V2
χ(fn(z)+gn(z), f(z)+g(z)) <
ε
3
. The set D(0, r, 1)−
(V1 ∪ V2) is compact. By continuity there exist M2 < +∞ so that |f(z)|, |g(z)| < M2
on D(0, r, 1) r (V1 ∪ V2). One easily finds n3 so that |fn(z)|, |gn(z)| < M2 + 1 on
D(0, r, 1)r (V1 ∪ V2) for n ≥ n3. We set M3 =M2 + 1. Since for |α|, |β| < M3 we have
χ(α, b) ≥ |α−β|
1+M23
, we see that fn → f and gn → g uniformly on D(0, r, 1) r (V1 ∪ V2)
with respect to the Eucledian metric in C = R2. Thus, fn + gn → f + g uniformly on
D(0, r, 1) r (V1 ∪ V2) with respect to the Eucledian metric in C = R
2. Since χ(α, β) ≤
|α−β|, it follows that fn+gn → f+g uniformly on D(0, r, 1)r(V1∪V2) with respect to χ
metric. Thus, there exists n4, so that sup
z∈D(0,r,1)r(V1∪V2)
χ(fn(z)+gn(z), f(z)+g(z)) <
ε
3
.
We set n0 = max(n1, n2, n4) and we have the result. 
The limiting case r = 1 of the previous result is quite different.
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Theorem 5.4. The uniform limits of the trigonometric polynomials
N∑
−N
anz
n on T =
{z : |z| = 1} with respect to the χ metric are exactly all continuous functions f : T →
C ∪ {∞}.
Proof. One direction is obvious. Let f : T → C ∪ {∞} be a continuous function
and ε > 0. We have to find a trigonometric polynomial Q, Q(z) =
N∑
−N
anz
n, so that
sup
|z|=1
χ(f(z), Q(z)) < ε. If f ≡ ∞ it suffices to choose Q(z) = nz for n big enough.
Assume there exists z0 ∈ T so that f(z0) ∈ C. If f(z) 6= ∞ for all z ∈ T , then
f : T → C being continuous it can be approximated by a trigonometric polynomial Q
so that sup
z∈T
|f(z)−Q(z)| < ε. Since χ(α, β) ≤ |α− β|, it follows sup
z∈T
χ(f(z), Q(z)) < ε.
It remains to examine the case f(z0) ∈ C and f(z1) = ∞ for some z0, z1 ∈ T . We
consider M < +∞ so that the χ diameter of the set E = {∞} ∪ {z ∈ C : |z| ≥ M} is
less than ε2 . Then f
−1(E0) is an open subset of T containing f−1(∞). The compact
set f−1(∞) is covered by a finite number of components of f−1(E).
Thus, f−1(∞) ⊂
{
eiθ : θ ∈
L⋃
n=1
(αn, βn)
}
= V where α1 < β1 < α2 < β2 < · · · <
αL < βL < α1 + 2pi and |f(e
iαn)| = |f(e9βn)| = M for all n = 1, . . . , L. We define a
new function g : T → C setting g(eiϑ) = f(eiϑ) for eiϑ ∈ T rV . For each n = 1, . . . , L
we choose g|{eiθ:θ∈(αn,βn)} : {e
iθ : θ ∈ (αn, βn)} → {z ∈ C : |z| = M} continuous
so that lim
θ → α+n
g(eiθ) = f(eiαn) and lim
θ → β−n
g(eiθ) = f(eiβn). For this, it suffices to
follow one of the arcs of the circle {z ∈ C : |z| = M} with starting point f(eiαn) and
ending to f(eiβn). It is easy to check that g : T → C is continuous and that, by
the choice of M we have sup
z∈T
χ(f(z), g(z)) <
ε
2
. Now g taking values on C and being
continuous it can be approximated uniformly on T by a trigonometric polynomial Q,
with respect to the Eucledian metric on C = R2. We choose Q(z) =
N∑
−N
anz
n so that
sup
z∈T
|g(z) −Q(z)| <
ε
2
. Since χ(α, β) ≤ |α − β| it follows sup
z∈T
χ(g(z), Q(z)) <
ε
2
. Since
we also have sup
z∈T
χ(f(z), g(z)) <
ε
2
the triangular inequality implies sup
z∈T
(f(z), Q(z)) < ε
and the proof is completed. 
If I is a compact segment or a homeomorphic image of a compact segment, I ⊂ C,
then the uniform on I limits of the polynomials are all continuous functions f : T →
C ∪ {∞}. This is another particular case of the required extension of Mergelyan’s
Theorem. The proof is similar to that of Theorem 5.4. with the difference that we do
not approximate by a trigonometric polynomial but by a polynomial. This is possible
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by the classical Mergelyan’s Theorem, because I0 = ∅ and Ic is connected.
Another particular case of possible extension of Mergelyan’s Theorem is the follow-
ing.
Let L1, L2, . . . , LN be a finite collection of compact subsets of C with connected
complements. We assume that for each Li, i = 1, . . . , N the extension of Mergelyan’s
Theorem is valid. We also assume that the Li’s, i = 1, . . . , N are two by two disjoint.
Then the extension of Mergelyan’s Theorem is valid for L1 ∪ L2 ∪ · · · ∪ LN . Indeed, if
f : L1 ∪ · · · ∪LN → C∪ {∞} is continuous and for every i = 1, . . . , N either f|Li ≡ ∞
or f(L0i ) ⊂ C and f|L0D holomorphic, then by assumption there exist polynomials Pi,
i = 1, . . . , N so that sup
z∈Li
χ(f(z), Pi(z)) <
ε
2
for all i = 1, . . . , N . Now by the classical
Mergelyan’s Theorem on L = L1 ∪ L2 ∪ · · · ∪ LN , there exists a polynomial P so that
sup
z∈Li
|P (z) − Pi(z)| <
ε
2
. Since χ(α, β) ≤ |α− β|, we have sup
z∈Li
χ(P (z), P (z)| <
ε
2
.
The triangular inequality gives the result.
So in particular the extension of Mergelyan’s Theorem is valid for the union of two
disjoint closed discs. What happens for the union of a sequence of pairwise disjoint
closed discs converging to one point P in C? The difficulty is when f(P ) =∞.
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Appendix
In this Appendix I collect the basic facts about the metric χ we used (and proved)
in this article.
Because χ(α, β) ≤ |α− β| for all α, β ∈ C it follows that uniform convergence with
respect to the Eucledian metric in C = R2 implies uniform convergence with respect to
the metric χ. The converse does not hold in general. However, if fn → f uniformly
with respect to χ on some set E, and there exist M < +∞ so that |fn(z)| ≤ M and
|f(z)| ≤ M for all z ∈ E an all n ≥ n0 for some n0, then it follows that fn → f
uniformly on E with respect to the Eucledian metric on C = R2. The reason is that
χ(fn(z), f(z)) ≥
|fn(z)−f(z)|
1+M2
.
In fact it suffices that only |f(z)| ≤M on E (or that only |fn(z) ≤M on E for all
n ≥ n0 for some n0). The reason is that when sup
z∈E
χ(fn(z), f(z)) → 0 and |f(z)| ≤M
on E, then there exists n0 so that for n ≥ n0 we have |fn(z)| ≤M + 1 on E.
Another fact we have used (and proved) is that, if Ω is a domain and fn : Ω → C
a sequence of holomorphic functions in Ω and there exists a function f : Ω → C∪{∞}
so that sup
z∈Ω
χ(fn(z), f(z)) → 0, then either f ≡ ∞ or f(Ω) ⊂ C and f is holomorphic
in Ω. This follows by Hurwitz Theorem.
Finally we have proven the following on an annulus D(0, r, 1), 0 < r < 1.
If fn : D(0, r, 1) → C and gn : D(0, r, 1) → C and f : D(0, r, 1) → C ∪ {∞} and
g : D(0, r, 1) → C∪{∞} are given. f and g are continuous and f−1(∞) ⊂ {z : |z| = 1}
and g−1(∞) ⊂ {z : |z| = r}.
Assume sup
z∈D(0,r,1)
χ(fn(z), f(z)) → 0 and sup
z∈D(0,r,1)
χ(gn(z), g(z)) → 0.
Then sup
z∈D(0,r,1)
χ(fn(z) + gn(z), f(z) + g(z)) → 0 and f + g is well defined.
I think the above facts except probably the last one are well known. May be we can
find them in the works of Caratheodory, or Zalcman. The proofs may be shortened if
we did references to articles proving the above facts.
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